In [9] , it was proved that the Alexander polynomial in several variables of a (reducible) plane curve singularity (i.e., of the corresponding link) defines the topology of the curve singularity and therefore its minimal embedded resolution. To a plane curve singularity one associates a multi-index filtration on the ring O C 2 ,0 of germs of functions of two variables defined by the orders of a function on irreducible components of the curve. In [3], there was computed the Poincaré series of this filtration which turned out to coincide with the Alexander polynomial of the curve. For a finite set of divisorial valuations on the ring O C 2 ,0 corresponding to some components of the exceptional divisor of a modification of (C 2 , 0), in [6] , there was obtained a formula for the Poincaré series of the corresponding multi-index filtration similar to the one from [3] . Here we show that the Poincaré series of a set of divisorial valuations on the ring O C 2 ,0 defines "the topology of the set of the divisors" in the sense that it defines the minimal resolution of this set up to combinatorial equivalence. In [8] , there was defined a notion of the zeta-function of an ideal. This notion can be adapted to finite sets of ideals giving a notion of the "Alexander polynomial" (in several variables) of a set of ideals (a mixture of notions introduced in [7] and [8]). To a divisorial valuation on the ring O C 2 ,0 there corresponds a natural ideal in the ring O C 2 ,0 . This ideal is generated by equations of irreducible curves whose strict transforms on the space of the modification * Math. Subject Class. 14H20, 32S45.
intersect the corresponding divisor. One can show that the Poincaré series of a set of divisorial valuations on the ring O C 2 ,0 coincides with the Alexander polynomial of the corresponding set of ideals. In these terms, one can say that the Alexander polynomial of a set of divisorial valuations on the ring O C 2 ,0 defines the topology of the set of divisors. If one takes all the components of the exceptional divisor of a modification then the Poincaré series defines the topology of the modification also for normal surface singularities: [4] . Notice that in this case the Poincaré series is not, generally speaking, a topological invariant.
We also give a proof of the statement for curves somewhat simpler than the one in [9] .
Let π : (X , D) → (C 2 , 0) be a modification of the complex plane C 2 , i.e., a proper analytic map of a nonsingular surface X which is an isomorphism outside of the origin in C 2 and such that D = π −1 (0) is a normal crossing divisor on X . The modification π is obtained by a sequence of point blowing-ups. The exceptional divisor D is the union of irreducible components E σ (σ ∈ Γ), each of them is isomorphic to the complex projective line CP 1 . The dual graph of the modification π : (X , D) → (C 2 , 0) is the graph whose vertices correspond to irreducible components E σ of the exceptional divisor D (i.e. to elements of the set Γ), two vertices are connected by an edge iff the corresponding components intersect (at a point). The dual graph of the modification π is a tree. The set Γ of vertices of the dual graph inherits a partial order defined by representation of the modification as a sequence of blowing-ups: a component E σ ′ is "greater" than another component E σ if the exceptional divisor of the minimal modification which contains E σ ′ also contains E σ (σ ′ > σ). Two modifications of the plane are combinatorially equivalent if their dual graphs together with the partial orders of vertices are isomorphic.
Let E σ , σ ∈ Γ, be a component of the exceptional divisor D. For a function germ f from the ring O C 2 ,0 of germs of functions of two variables, let v σ (f ) be the multiplicity of the lifting f • π of the function f to the space X of the modification along the component E σ (v σ (0) := ∞). The order function v σ : O C 2 ,0 → Z ≥0 ∪ {∞} defines a valuation on the field of quotients of the ring O C 2 ,0 : the divisorial valuation defined by the component
• E σ be the smooth part of the component E σ in the exceptional divisor D, i.e. E σ itself without intersection points with other components of D. Let L σ be a germ of a smooth curve on the space X of the modification transversal to the component E σ at a smooth point of D, i.e. at a point of
r defines a multi-index filtration (by ideals) on the ring O C 2 ,0 : for v ∈ Z r , the corresponding ideal is 
v be a Laurent series in the variables t 1 , . . . , t r (generally speaking, infinite in all directions; here 1 = (1, . . . , 1)). One can see that along each line in the lattice Z r parallel to a coordinate one the coefficient at t v is the same for v from the nonpositive part of the line. This implies that
is a power series in the variables t 1 , . . . , t r , i.e. an element of
The series
The minimal resolution of a set of divisorial valuations is the minimal modification in which all the divisors appear. Proof. Let (m σδ ) be the inverse of minus the intersection matrix (E σ • E δ ) of components of the exceptional divisor D. For σ = δ the intersection number (E σ • E δ ) is equal to 1 if the components E σ and E δ intersect (at a point) and is equal to 0 otherwise. The self-intersection number (E σ • E σ ) is a negative integer. The numbers m σδ are positive integers and det(m σδ ) = 1. The number m σδ is also equal to v δ (h σ ) = v σ (h δ ), where h σ = 0 is an equation of a curvette L σ corresponding to the component E σ and is equal to the intersection number (L σ • L δ ) of curvettes corresponding to the components E σ and E δ . For σ ∈ Γ, let m σ := (m σ1 , . . . , m σr ) ∈ Z r ≥0 . Let χ(Z) be the Euler characteristic of the space Z. According to [6] one has:
The Poincaré series P {v i } (t 1 , . . . , t r ) as a power series in t 1 , . . . , t r itself defines the factorization of the form m∈Z r ≥0 \{0}
(1 − t m ) km . Moreover the equation (1) implies the projection formula: if {i 1 , . . . , i ℓ } ⊂ {1, . . . , r}, then the Poincaré series of the ℓ-index filtration corresponding to the divisorial valuations v i 1 , . . . , v i ℓ is obtained from the Poincaré series P {v i } (t 1 , . . . , t r ) by substituting the variables t i with i / ∈ {i 1 , . . . , i ℓ } by 1.
Remark. The last property does not hold for the Poincaré series of the filtration defined by orders of a function germ on irreducible components of a plane curve singularity (see [3] ). This makes the proof of the corresponding statement for curves (Theorem 2 below) somewhat different.
Figure 1: The dual graph of a divisorial valuation.
The dual graph of the minimal resolution of one divisorial valuation on the ring O C 2 ,0 has the form shown on Figure 1 . Here the corresponding component of the exceptional divisor is marked by the circle •, g is the number of Puiseux pairs of a curvette corresponding to the divisor, and the length c of the "last tail" may be equal to zero (σ g+1 = τ g ). The Poincaré series of this divisorial filtration is equal to
where
, and either ℓ = g + 1 (if the length c of the last tail is positive) or ℓ = g (otherwise). Moreover, there is no cancellation in the right hand side of the equation (2) (2) for the Poincaré series of the valuation).
The topological type, or equivalently the dual graph of the minimal resolution, of a curve singularity is defined by the topological type of each branch plus the intersection multiplicities of pairs of branches (see [10] , [1] ). This implies that the dual graph of the minimal resolution of a set of divisorial valuations is determined by the dual graph of the minimal resolution for each divisor plus the intersection multiplicities of curvettes corresponding to pairs of divisors.
Therefore it remains to show that the Poincaré series P {v i } (t 1 , . . . , t r ) determines these intersection multiplicities. The projection formula permits to prove this for two valuations. Moreover, the discussion above shows that we can assume the dual graph of the minimal resolution of each divisor known. Let these two divisors be described by the numbers m 0 , . . . , m g+1 and m
where the vertices σ g+1 and σ ′ g ′ +1 of the dual graph correspond to the divisorial valuations under consideration; see the explanation above). Just as in the case of one divisorial valuation, there is no cancellation in the equation (1) for two valuations, i.e. all factors with χ(
• E σ ) = 0 are present and for all of them the exponents m σ are different. This can be shown, e.g., in the following way. Let s ∈ Γ be the maximal vertex which is ≤ than both σ g+1 and σ ′ g ′ +1 . The statement about absence of cancellation follows from the following facts: 1) The exponents m σ are strictly increasing on Γ with respect to the partial order on it.
2) The ratio m σ,1 /m σ,2 of the coordinates of the exponent m σ as a function on σ is constant (say, equal to q) on the set of vertices σ such that σ ≤ s. This ratio is (strictly) greater than q on the set of vertices σ such that s < σ ≤ σ g+1 and is (strictly) smaller than q on the set of vertices σ such that s < σ ≤ σ
(These properties were used in [2] . For a more precise description of the behaviour of the ratio m σ,1 /m σ,2 see in the proof of Theorem 2.)
Let m σ be a maximal exponent in the right hand side of the equation (1) among the factors with χ( (t 1 , . . . , t r ) is called the Poincaré series of the plane curve singularity (C, 0). In [3] it was shown that the Poincaré series P C (t 1 , . . . , t r ) coincides with the Alexander polynomial in several variables of the link C ∩S 3 ε ⊂ S 3 ε , where S 3 ε is the sphere of small radius ε centred at the origin in C 2 . Let π : (X , D) → (C 2 , 0) be an embedded resolution of the plane curve singularity (C, 0), whose exceptional divisor D is the union of irreducible components E σ , σ ∈ Γ. Let m σδ be defined as above. For i ∈ {1, . . . , r}, let α i ∈ Γ be the index of the component E α i of the exceptional divisor D intersecting the strict transform of the component C i of the curve, let m σ,i := m σα i , and let
• E σ be the smooth part of the component E σ in the total transform π −1 (C) of the curve C, i.e. E σ itself without intersection points with other components of π −1 (C). According to [3] one has:
Theorem 2. The Poincaré series of a plane curve singularity defines the minimal resolution of the curve up to combinatorial equivalence.
Proof. The equation (3) gives the following "projection formula": for i ∈ {1, . . . .r} one has
The minimal resolution of an irreducible plane curve singularity (a branch) has the form shown on Figure 1 with c = 0 and with an arrow at the vertex τ g corresponding to the strict transform of the curve. The number g is equal to the number of Puiseux pairs of the curve and the minimal resolution could be described by the set m 0 , . . . , m g , where, for i = 0, . . . , g, m i := m σ i (this set coincides with the minimal set of generators of the semigroup of values of the curve). The Poincaré series of the branch is equal to
It is clear that the Poincaré series determines the topological type of the branch. This implies that it suffices to show that from the Poincaré series of the plane curve singularity C one can recover the exponent m α i 0 and the semigroup of values S C i 0 corresponding to some index i 0 ∈ {1, . . . , r}, i.e. to an irreducible component C i 0 of C. Notice that, for j = i 0 , the intersection multiplicity between the irreducible components C i 0 and C j is equal to [1, σ] is the geodesic in the dual graph joining the first (minimal) vertex 1 with the vertex σ). Let us fix j, k ∈ {1, . . . , r}. The ratio m σ,j /m σ,k as a function on σ is constant on [1, s(α j , α k )] and it is strictly increasing on the
Just as in the proof of Theorem 1, one can see that there is no cancellation in the equation (3) (for the minimal resolution).
Let σ ∈ Γ be such that the exponent m σ is a maximal one among the set of exponents m τ with χ(
• E τ ) = 0. Notice that, in contrast to the case of divisorial valuations, a maximal exponent is reached among components with χ(
If there exists τ ∈ Γ such that τ > σ and E τ ∩ E σ = ∅ then m τ > m σ . Thus there exists an index j ∈ {1, . . . , r} such that σ = α j (otherwise the exponent m σ is not a maximal one). From the comments above, it follows that the indices j such that σ = α j are some of elements of the nonempty set A ⊂ {1, . . . , r} consisting of the elements j such that
for ∀k ∈ {1, . . . , r} and ∀τ ∈ Γ such that χ(
i.e. such that the binomial (1−t m τ ) is present in the equation (3) . Let ℓ ∈ A be such that α ℓ = σ. Such ℓ exists only if the strict transform of the component C ℓ of the curve C interstects transversally the last dead end corresponding to a branch C j with α j = σ. In this case α ℓ < α j and therefore m σ,ℓ < m σ,j for any j such that α j = σ. Notice that, if such ℓ exists, it is unique. This means that for i 0 ∈ A such that m σ,i 0 ≥ m σ,j for all j ∈ A one has α i 0 = σ. Notice that such an index i 0 is, in general, not unique. Now the proof is a consequence of the following statement:
The semigroup of values of the irreducible curve C i 0 is generated by the elements of the set: Remark. One may consider the multi-index filtration defined by a set of valuations corresponding to several irreducible plane curve singularities and several divisorial valuations. One has a formula for the Poincaré series of such filtration similar to (1) and (3). One could ask whether this Poincaré series defines the dual graph of the minimal resolution of the set of curves and divisors. The following example shows that this is, generally speaking, not the case. Let us consider the divisorial valuation and the curve defined by the minimal resolution shown on Figure 2 .
corresponds to a curvette of type A 2p , i.e. {y 2 + x 2p+1 = 0}, the curve under consideration is {y = 0}. One can easily see that, for any p, the Poincaré series of the corresponding filtration is
where u (respectively t) is the variable corresponding to the divisorial valuation (to the curve respectively).
